We present new solutions for the dynamics of a pendulum energy converter which is vertically excited at its suspension point. Thereby, we deal with a random excitation by a non-white Gaussian stochastic process. We formulate the pendulum energy converter as a weakly perturbed Hamiltonian system. The random process across the energy levels of the Hamiltonian system is then approximated by a Markov process, which is obtained by stochastic averaging. This procedure leads to analytical results for the energy of the pendulum motion, which are used for analyzing the required probability of reaching higher energy states of the pendulum energy converter in order to maximize the harvested energy.
Introduction
Energy harvesting from a source, whose nature is random, is a fundamental problem in the field of renewable energy. Several new concepts of ocean wave energy converters were recently developed and studied, for example [2, 16, 23, 31] . Recently, the rotational motion of a pendulum has become a topic of interest in developing wave energy converters, since one possible method of energy generation is to use ocean gravity waves to excite the pivot of a pendulum in order to induce and maintain rotational motion, as described in [2, 31] . A detailed study on the stochastic excitation of a pendulum based energy converter resulting from random wave motion can be found in [19] . The induced motion can be converted to electrical energy. This type of wave energy converter also has the added benefit of a low environmental impact. Because it is a point absorber of energy, there is great flexibility in the layout of energy farms. This means that this type of system can have a very small effect on the local ecosystem and offshore economic activity. As stated in [17] , wave energy has been recognized as one of the most promising resources of renewable energy due to the notably high power density of 9.42 kW/m 2 compared with wind and solar energy with power density of 0.58 and 0.17 kW/m 2 , respectively. Possible sources of excitation are not limited to ocean waves. Moreover, the parametric pendulum has a very rich dynamical behavior [11] and has applications in various other problems, such as mechanical, electrical, MEM, optical, and other systems, cf. [15, 22] . Therefore, our analysis deals with the general dynamics of a randomly excited pendulum. In the case of harmonic excitation, approximate analytical solutions for oscillatory and rotational motion of a parametric pendulum were obtained in [32] by using the method of multiple scales. In [31] it was also shown that a controller based on the Time-Delay Feedback control method can maintain rotational motion of the parametric pendulum, even in case of a harmonic excitation which is disturbed by white noise. However, new results are necessary in order to control the pendulum motion if the excitation of the pendulum is a non-white random process. Such excitation is encountered for example in real sea states. Due to the significant nonlinearity and the involved random excitation, researchers relied on numerical methods and Monte Carlo simulation in order to obtain new results for large amplitude oscillations of a randomly excited pendulum [1, 19] .
In the context of energy harvesting, it is important that the energy level of a randomly excited energy converter will reach higher energy levels with high probability. The main purpose of this article is to obtain analytical results for the energy of the pendulum motion and use these results for analyzing the required probability of reaching higher energy states. This is fundamental for the development of appropriate control methods for energy generation. In order to achieve such a result, we reduce the dimension of the original process to a one-dimensional process by stochastic averaging. Previous results on stochastic averaging involved asymptotic methods with respect to a small parameter in order to determine the averaged equations of motion [18, 24, 25] . Due to the recently extended energy based stochastic averaging methods [9, 10] , it is possible to take into account the full stiffness nonlinearity and general random excitation by non-white noise while still maintaining analytical expressions of the results. The approach is based on former stochastic averaging schemes by Namachchivaya [30] which were obtained for pure white noise excitation. We formulate the pendulum dynamics problem as a stochastically weakly perturbed Hamiltonian system. Analysis for the hardening spring type noisy Duffing-van der Pol oscillator was done in [21, 30] , where the excitation is a standard Wiener process.
The outline is as follows: in section 2 we formulate the pendulum dynamics as a weakly perturbed Hamiltonian system and derive analytical solutions for undisturbed rotation and libration of the pendulum. The newly established results from [10] for stochastic averaging of Hamiltonian are used in section 3 for the derivation of analytical expressions for the dynamics of pendulum energy. In section 4 analytical expressions for the probability density and first passage probability are presented. Section 5 is devoted to the analysis of a pendulum wave energy converter subjected to random ocean waves including an experimental setup.
Pendulum model
The oscillation behavior of a damped mathematical pendulum with a vertically excited suspension point and quadratic damping can be represented by the following equation:
Here, ϕ is the angle of inclination, f (t) is the vertical displacement of the pivot, l is the length of the pendulum or the distance from the suspension point to the lumped mass M . Also, note thatt is a standard (unscaled) time. In order to model the random base excitation, we introduce the noise intensity ν and a Gaussian stochastic process ξt with zero mean, such that ξt has a normal distribution, E[ξt] = 0, and
By defining a time scaling t = εt based on excitation amplitude, we can employ the following groupings
We also useΨ := d dt Ψ as a shorthand for ε scaled time derivative where Ψ is an arbitrary function of real numbers. By setting x = ϕ and y =φ, we arrive at
Where ξ t is the scaled stochastic process. We are interested in the energy of pendulum dynamics. Hence, we use the Hamiltonian formalism and rewrite equation (3) in terms of the total energy defined by the Hamilton function
Then (3) can be written as
Assuming that the damping of the pendulum and excitation forces are small, we can assume ε << 1 to be also a small parameter. Thus we have transformed the original equation of motion (1) for the base excited pendulum to a weakly Copyright line will be provided by the publisher perturbed Hamiltonian system (5) excited by the stationary random process ξ t . Contour lines of the Hamiltonian are shown in Fig. 1 . The fixed points of system (5) without dissipation and random perturbation, i.e. ε = 0, are
These saddle points P i are connected by the heteroclinic orbit γ(x, y) = x, y ∈ R : y 2 − 2α cos x = 2α .
The time derivative of the Hamiltonian for system (5) is given by
Combining the first equation of (5) and equation (8) , and using
obtained from (4), we get the system
An important property of equation (10) is, that the energy level H changes slowly compared to the oscillations of the variable x. This enables the application of stochastic averaging to this system in section 3.
Libration motion for the undisturbed case
In order to apply the stochastic averaging procedure, we need to understand the motion as a function of time. For the undisturbed case, we allow ε in equation (3) to approach zero, this defines the equations for pendulum motion
Using the identityẍ = d dx 1 2ẋ 2 in equation (11) and integrating with respect to x gives
Copyright line will be provided by the publisher Using the reduced-dimension Hamiltonian we can rewrite this equation in terms of the total energy of the system because energy is conserved in this holonomic system. We again rearrange and integrate over time
Because of the inherent symmetry of the motion, we can break up the integral over half the motion and multiply the result by two. For 0 ≤ H < 2α the period is given by
where K is the complete elliptic integral, as described in [6] , and the elliptic modulus k is given by
The limits of integration ±b(H) are the points where y = Q(x, H) = 0 and the periodic orbit intersects the x-axis, i.e. b(H) is the maximum value of x for each energy level H and is given by
We also need to determine the functions x(t), y(t) for the unperturbed case. The solution of system (3) for the case ε = 0 is
with the Jacobi elliptic functions sn and dn ( [6]).
Rotational motion for the undisturbed case
Because rotational motion naturally occurs in the system, we must also understand the case where H > 2α, which allows us to evaluate the integral in terms of the incomplete elliptic integral of the first kind F , and the Jacobi elliptic functions am and dn
where
The period of motion can now easily be found by setting the initial and final conditions to 0 and 2π, respectively
where K is again the complete elliptic integral of the first kind. Assuming additionally the initial condition x(0) = 0, equation (17) can be inverted. Taking its time derivative leads to the state space variables in terms of time
Stochastic averaging
In the following we state the main theorem for the stochastic averaging of weakly perturbed Hamiltonian systems with significant nonlinearities under non-white noise excitation. Then we state the stochastic averaging results for the libration and rotation of the base excited pendulum.
Let (Ω, F, P ) be a probability space, where Ω is the sample space, F is a σ -algebra over Ω and P is a probability measure. We are interested in perturbed Hamiltonian systems, which are damped and excited by an absolutely regular non-white Gaussian process ξ t := ξ(ω, t) = (ξ 1 (t), . . . , ξ k (t)) ∈ R k , ω ∈ Ω, with sufficient mixing properties. Here, we consider a perturbed Hamiltonian system in a two dimensional state space
where the function H(x, y) is the Hamiltonian, d(y) is a damping function, f (x, ξ t ) is a function of random excitations and ε > 0.
For the case of weakly perturbed systems of type (20) with small ε 1, a stochastic averaging method is proposed in the following Theorem, using results by Khashminskii [14] , Borodin [3] and Freidlin and Borodin [4] . With this method, the stochastic process of the Hamiltonian H can be obtained, which is the process of total energy of the corresponding nonlinear oscillator. Such a stochastic averaging procedure was used in [10] and can be generalized as follows.
and let the following conditions be fulfilled:
i) The stochastic process
T ∈ R k is stationary, absolutely regular with sufficient mixing properties, and E{ξ j (t)} = 0.
i) The functions f 0 and f 1 satisfy certain limits in X and in Y , which are specified in Borodin [3] , in order to ensure uniqueness of the solution. Let the averaging operator M for periodic functions f : R + → R with period T be defined by
and let Y x be the solution of the ordinary differential equation
If the limits
exist, then the process X(τ ), τ = εt, converges, as ε → 0, weakly on the time interval of order O(1/ε) to a diffusion Markov process Z satisfying the Itô stochastic differential equation
with the standard Wiener process W τ .
Copyright line will be provided by the publisher (21) . The assertion follows by applying the Theorem from Borodin [3] for the resulting equation.
If the functions f 0 and f 1 are not periodic, then the procedure as described in [13] has to be used. The essential result of Theorem 3.1 is, that the total energy H(Z ε (t ε )) of system (20) converges in probability at a scale O(t), t = εt ε , to the diffusion Markov processH(t) as ε → 0. The resulting stochastic process is given by the Itô equation
where W t is the standard Wiener process. In order to simplify the notation, we will not distinguish between the original process H and the averaged processH.
Librational motion of the pendulum
In this section we provide completely analytical expressions for the drift and diffussion of the averaged process of the pendulum energy H in the case of white noise excitation, and librational motion. Then we derive integral formulas for the case, where the random excitation is non-white.
White noise case
In order to derive the results for averaging system (5) subjected to white noise excitation, let t 0 ξτ dτ = Wt, where Wt is a standard Wiener process and dWt its increment. We make use of the fact that W t = √ εWt is also a standard Wiener process. Then, using the Itô lemma, we obtain from system (5)
Averaging (26) according to [14] we obtain the one dimensional Itô equation
Here, T (H) is the period of one oscillation of the fast variable x in the absence of noise and damping, i.e. ε = 0, starting at the energy level H. Additionally, we use
We convert the integration in time t to integration in space x using dx = Q(x, H)dt. Then the equation for drift becomes
This integral can be expressed in terms of complete and incomplete elliptic functions of first and second kind K(k), E(k), F (z, k), E(z, k), respectively, and we obtain
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Similarly we obtain the solution for the diffusion as
Real noise case
For the case where we have real noise affecting the system, we must use the analytical solutions from equations (16) in order to evaluate the stochastic averaging procedure. In this subsection we use the abbreviations u := √ αt, sn := sn(u, k), sn t+s := sn(u + √ αs, k), cn := cn(u, k), and cn t+s := cn(u + √ αs, k).
Theorem 3.2 Let ξ t in (10) be an absolutely regular zero-mean stationary stochastic process with sufficient mixing properties and autocorrelation R ξtξt . Let further H be the solution of system (10). Then for fixed 0 ≤ H < 2α the integrals
exist, and the process H converges, as ε → 0, weakly on the time interval of order O(1/ε) to a diffusion Markov process H satisfying the Itô stochastic differential equation
P r o o f. The system (10) exhibits slow and fast oscillations, which are the energy and roll oscillations, respectively. Additionally the driving stochastic process ξ t fulfills sufficient mixing conditions. Therefore, we can apply the limit theorem 3.1 to system (10). In our case, the fast roll oscillation x(t) is averaged by using the averaging operator M for periodic functions from equation (23) . Then we get for the drift m(H)
Using equation (16) , sin(2 arcsin(ksn)) = 2ksn √ 1 − k 2 sn 2 , and the substitution dt = du √ α we get
Copyright line will be provided by the publisher In analogy the diffusion σ(H) is given by
Using again equation (16) and sin(2 arcsin(ksn)) = 2ksn
t+s cncn t+s du ds.
(42)
Rotational motion of the pendulum
Conveniently, we can use the same equations to solve for stochastic averaging outside the separatrix. In this regime, we can use the equations (19) as well as a series of transformations in order to arrive at the analytical and semi-analytical results. While solving over the motion of a period, we can now use the bounds −π ≤ x ≤ π.
White noise case
For the white noise case, we use equations (26) . We can use the transformation applied in the libration section that allows us to integrate over space, which transforms the equation for drift into
By using G(x(t), H), F (x(t)) as defined in subsection 3.1, we can use equation (9) to rewrite the integral as
To simplify the form of the equation, the solution is presented as
Similarly for diffusion, we can transform our integral to an integral over space and insert in equation (9)
Evaluating this integral gives
Real noise case
For the case where we have an arbitrary excitation, we again use equations for stochastic averaging. Also, whenever there is a Jacobi elliptic function we will simplify the notation here such as sn := sn H 2 t, k 1 and sn t+s := sn H 2 (t + s), k 1 . Theorem 3.3 Let ξ t in (10) be an absolutely regular zero-mean stationary stochastic process with sufficient mixing properties and autocorrelation R ξtξt . Let further H be the solution of system (10). Then for fixed H > 2α the integrals
sn cn dn sn t+s cn t+s dn t+s dsdt,
dn sn cndn t+s sn t+s cn t+s dsdt (51) exist, and the process H converges, as ε → 0, weakly on the time interval of order O(1/ε) to a diffusion Markov process H satisfying the Itô stochastic differential equation
P r o o f. Let us define f 0 = λ Q(x, H) sin(x),
For simplicity, we deal with the terms in parts such that m(z) = m 1 (z) + m 2 (z).
Using the relation that dx = Q(x, H)dt we can change our variable and integrate over one period, such that
Substituting in equation (9) and evaluating the integral leads to
For m 2 (z) we must first find the derivative in the equation for covariance
Q(x, H) .
Inserting into the integral gives
Q(x(t), H) ξ t , λ sin(x(t + s)) Q(x(t + s), H)ξ t+s dsdt. Now, using the relations from equations (19) we can substitute x and √ Q in in terms of Jacobi elliptic functions
sn t cn t dn t sn t+s cn t+s dn t+s dsdt.
Putting together equations (53) and (54) gives us equation (50). We follow a similar procedure to solve for σ 2 (z)
Again using the relations from equations (19) and simplifying leads to the result in (51).
Probability density and first passage probability
With the stochastic averaging results from section 3, we have obtained a one-dimensional Itô stochastic differential equation for the pendulum energy H for the cases of libration and rotation. Using results on one-dimensional diffusion processes, we can state analytical formulas for the probability density as well as for first passage probabilities of the pendulum energy H.
Following [12] , the differential generator L of the averaged process H defined by the Itô equations (38) or (52) is given by
and the associated adjoint operator is
We introduce the scale measure
is the scale density. After defining the speed density
and the speed measure M by
we can transform the operator L to
such that the drift is identically zero. A discussion on the meaning of scale density s and speed density µ can be found in [29] . The stationary probability density function p st associated with (38), is the solution of the Fokker-Planck equation
where L * is the adjoint of the operator L. The solution of (62) can be given in terms of
The coefficients c 1 and c 2 are determined by the boundary and normality conditions. Following [12] the (left) boundaries can be classified as:
is the time to reach the left boundary x l starting in x ∈ [x l , x r ], whereas N l (x l ) is the time to reach x ∈ [x l , x r ] starting in x l . These measures are given by
Since the system (10) has an exit boundary from libration to rotation at H = 2α, a stationary density for (10) would involve additional conditions, cf. [20, 21] If we assume a reflecting boundary at H r (i.e. no rotational motion of the pendulum), which is approximately the case for high damping, then c 1 = 0. In this case a stationary solution of the Fokker-Planck equation (62) for the libration motion exists and is given by
First passage probability
In the context of energy harvesting, it is important that the energy level of a randomly excited energy converter will reach higher energy levels with a high probability. Therefore, we are interested in the first passage probability of energy levels of the parametric pendulum in order to obtain the probability of reaching rotational pendulum motion starting from an initial energy level H 0 . The necessary energy for reaching rotational motion of the pendulum has to be greater than H r = 2α, which is the energy level at the heteroclinic orbit γ. Therefore, we consider the energy interval [H a ; H b ], where 0 < H a < H b ≤ H r . Following [12] the probability to reach the energy H b before the energy H a , starting at H 0 ∈ [H a ; H b ] is the solution of the differential equation
with boundary conditions u(H a ) = 0 and u(H b ) = 1. The solution follows directly from two successive integrations of the corresponding transformed operator from equation (61) and is given by
where we have used the abbreviation
With this result, we are able to calculate the probability to reach the energy H r , where the pendulum starts to rotate, before reaching a very small energy level of small pendulum motion.
Application to a pendulum wave energy converter
A realistic description of the seaway has to include random wave elevation. This yields that probabilistic methods have to be used for the evaluation of the pendulum dynamics in realistic seas. The parametric excitation due to ocean waves is modeled by a Gaussian stochastic process, which is obtained as follows.
Description of random ocean waves
A well known model of random long crested sea waves is given by superposition of infinitely many harmonic waves using linear wave theory. The amplitude of single waves with a given frequency depends on the underlying sea state given by the corresponding spectral density. Such an irregular long crested wave surface can be written as
with wave number κ(ω) and frequencies ω corresponding to a one-sided spectral density S(ω). We get an initially irregular wave surface, if a random phase shift ζ(ω) is added, which is uniformly distributed in the interval [0, 2π). The above integral is not a Riemann integral but a summation rule over the frequencies ω, where dω is the corresponding increment, cf. [7] . Note that Z(x, t) is evolving in space x and time t. Various spectral densities were defined to describe different sea states. Common sea spectral densities are the Pierson-Moskowitz (PM) spectrum for deep water waves and the JONSWAP spectrum for shallow water waves. We use the following two parameter version of the Pierson-Moskowitz spectrum with significant wave height H s and modal frequency ω m S pm (ω) = 0.3125 H 
To describe the spectral properties of shallow water seas, the JONSWAP spectrum was developed. With variable significant wave height H s and modal frequency ω m this spectrum can be stated as
Time series like sea elevation can be modeled by Autoregressive Moving Average processes in continuous time (CARMA) [5] . The spectral density of an ARMA process is a quotient of polynomials, which can approximate a given sea spectrum properly [28] . The random excitation due to ocean wave elevation can be approximated by a CARMA(p,q) process very efficiently [8] . For reliable results it is sufficient to use a CARMA(2,1) process given by the following differential equation
where dW t is the increment of a standard Wiener process, and b 1 = H s b 0 , where H s is the significant wave height. This CARMA(2,1) process has the spectral density
The corresponding autocorrelation function is given by
, where
As can be seen from Fig. 2 , the approximation of ocean wave processes by CARMA(2,1) processes is sufficient. If nec- essary, a more accurate approximation of the random excitation due to ocean wave elevation is obtained by using the following CARMA(4,2) process [8] y =u 1 ,
The corresponding spectral density is given by
Copyright line will be provided by the publisher with the transfer function
where s := iω. The advantage of using a CARMA process instead of the superposition approach according to equation (69) is the non-periodicity of the resulting random time series and the faster computation time.
Setup of the pendulum wave energy converter
We assume, that the pendulum energy converter is mounted on a floating body, whose degrees of freedom are limited to heave, and whose mass is much greater than the pendulum mass. Then the influence of the pendulum motion on the heave motion is negligible. Moreover, we assume linear dynamics of the floating body. In that case the spectral density of the heave acceleration of the floating body due to the ocean wave load is given by
where S(ω) is the sea state spectral density, and
is the response amplitude operator of the heave acceleration of the floating body with the hydrodynamic excitation force complex amplitude per wave heightf (ω), mass M , added mass A h , hydrodynamic damping B h , and restoring C h . The hydrodynamic parametersf (ω), A h (ω), B h (ω), and C h can for example be determined by strip theory [26] .
For the case where we want to build a physical setup for the wave energy converter, the length of our pendulum would have to be long in order to meet resonant frequencies for typical sea states. One way to circumvent this issue is described in [33] , where a tri-pendulum design is proposed. This design consists of a pendulum with three arms at equal 120
• spacings; however, two of the arms are at a length L 2 and the third at L 1 > L 2 . The experimental setup is shown in [2] and consist of the tri-pendulum, whose pivot is restricted to move vertically and is driven by crank-arm attached to a motor at the bottom of the rig. In the preliminary study [2] this experimental rig was excited by a vertical harmonic excitation. In the following, we will use the data of this experimental rig for a numerical case study of realistic excitation due to random wave elevation.
The resulting equation of motion for the inclination angle ϕ of the pendulum wave energy converter can be written as
with moments of inertia I c and I v , excitation force f (t), mass m, and positive coefficients c, c g , d, and d g . In equation (80), we consider a generator with a nonlinear function for the torque T g due to energy generation, given by
The harvestable electrical power P el of the pendulum energy converter is the product of the generator torque T g , the angular velocity dϕ dt , and the energy conversion efficiency η of the generator, such that
By redefining the constants from (2) intō
we arrive at equations that are equivalent to equation (3) under a stochastic, zero-mean excitation. Therefore, the analysis in the remaining sections is also valid for this system. The benefit of this setup is that an equivalent secondary resonance zone response of a simple pendulum with length l could be realized by a tri-pendulum with much shorter arm lengths of L 1 and L 2 which are given by
where L 2 has to be set according to
Results for the pendulum wave energy converter
As an example setup we consider the tri-pendulum wave energy converter given by equation (80) and set the parameters according to Table 1 . We use a vertical cylinder as the floating body, which is described in [27] . The heave acceleration response amplitude operator RAOf of this cylindrical floating body is shown in Fig. 3 and the corresponding approximation of a heave acceleration spectrum in a Pierson-Moskowitz sea state by a CARMA(2,1) process can be seen in Fig. 4 . The probability density for the libration case can be approximated by equation (65), if rotational motion is very unlikely. This is the case for high nonlinear damping. We start with comparisons of the probability densities of the pendulum wave energy converter excited by white noise. We have found a very good agreement between results for the probability density from Monte Carlo simulation of the original system and the probability density of the averaged system, as can be seen in Figs. 5 and 6. Comparisons of the probability densities of the pendulum wave energy converter excited by a PiersonMoskowitz sea state with modal frequency ω m = 1.8, which is near the 2 : 1 parametric resonance, are shown in Figs. 7 and 8. The agreement between results from Monte Carlo simulation and the probability density of the averaged system is also very good, even for low probability events.
In order to produce the highest amount of electrical energy, the pendulum has to reach rotational motion. Therefore, we need to set up the tri-pendulum, such that the first passage probability to reach the energy, where rotations start, is as high as possible for the given random excitation. Using the formula from equation (67), we are able to calculate the probability to reach the energy H r , where the pendulum starts to rotate, before reaching a very small energy level of small pendulum motion. The initialization of rotational motion of the pendulum requires a different amount of energy then to maintain the pendulum at an energy level, where rotations are possible. Therefore, it is important to determine the probability of reaching the rotational energy level H r , starting from different energy levels H 0 .
We consider Pierson-Moskowitz and JONSWAP sea states with arbitrary significant wave heights H s according to eq. (83), different modal frequencies ω m , and RAOf according to Fig. 3 . Starting at the energy level H 0 the probability (67) for reaching rotational motion at the energy level H r = 2 before reaching the low energy level H l = 0.01 is calculated for a Pierson-Moskowitz sea state in Fig. 9 and for a JONSWAP sea state in Fig. 10 . As can be seen from these figures, the probability of reaching the energy level of rotational motion is higher at lowλ = H sᾱ /g values for the JONSWAP sea state then for the Pierson-Moskowitz sea state. Thus, the pendulum energy converter reaches rotational motion with the same probability for lower significant wave heights H s in a JONSWAP sea state, where for example the probability of reaching rotational energy is 0.90 for H s = 1.0 m, ω m = 1.6 rad/s, and H 0 = 1.5. In Fig. 11 the exit probability for the pendulum wave energy converter can be seen for high damping γ 1 = 0.1.
Such maps show, how the pendulum should be controlled in order to generate the highest amount of energy, given the actual energy level H, and the current random sea state. Due to the analytical formulation, the calculations of the first passage probabilities have a computation time of a few seconds on a standard desktop computer. 
Conclusion
New analytical results were obtained for the behavior of a pendulum, which is randomly vertically excited at its suspension point. For this, we have used recent results on the energy based stochastic averaging, which take into account the exact stiffness as well as the damping nonlinearities, while allowing excitation due to stochastic processes with not narrow-band arbitrary spectra. Due to the reduction of the equations of motion for the pendulum to an one-dimensional Markov diffusion process by means of stochastic averaging, we have obtained analytical formulas for the probability density function by solving the corresponding Fokker-Planck equation, as well as analytical formulas for the probability of first passage of arbitrary energy levels of the pendulum. These results were used to analyze the behavior of a pendulum wave energy converter, which is excited by random ocean waves with Pierson-Moskowitz and JONSWAP spectra. Thereby we have shown, that rotational motions of a specific pendulum wave energy converter design are possible even for low to moderate 9 First passage probability of the pendulum system for reaching the scaled rotational energy Hr = 2 before reaching the low energy H l = 0.01, starting at the energy H0, withᾱ = 1,γ1 = 0.01, andγ2 = 0, for a Pierson-Moskowitz sea state withλ = Hs/g, different modal frequencies ωm, and RAOf according to Fig. 3. sea states. Such results of the pendulum wave energy converter dynamics taking into account excitation due to random ocean waves were not obtained before. Fig. 10 First passage probability of the pendulum system for reaching the scaled rotational energy Hr = 2 before reaching the low energy H l = 0.01, starting at the energy H0, withᾱ = 1,γ1 = 0.01, andγ2 = 0, for a JONSWAP sea state withλ = Hs/g, different modal frequencies ωm, and RAOf according to Fig. 3 . Fig. 11 First passage probability of the pendulum system for reaching the scaled rotational energy Hr = 2 before reaching the low energy H l = 0.01, starting at the energy H0, withᾱ = 1,γ1 = 0.1, andγ2 = 0, for a Pierson-Moskowitz sea state withλ = Hs/g, different modal frequencies ωm, and RAOf according to Fig. 3 .
